We propose to use a two-species Fermi gas with the interspecies s-wave Feshbach resonance to realize p-wave superfluidity in two dimensions. By confining one species of fermions in a twodimensional plane immersed in the background three-dimensional Fermi sea of the other species, an attractive interaction is induced between two-dimensional fermions. We compute the pairing gap in the weak-coupling regime and show that it has the symmetry of px+ipy. Because the magnitude of the pairing gap increases toward the unitarity limit, it is possible that the critical temperature for the px+ipy-wave superfluidity becomes within experimental reach. The resulting system has a potential application to topological quantum computation using vortices with non-Abelian statistics. We also discuss aspects of our system in the unitarity limit as a "nonrelativistic defect conformal field theory (CFT)". The reduced Schrödinger algebra, operator-state correspondence, scaling dimensions of composite operators, and operator product expansions are investigated.
I. INTRODUCTION
Experiments using ultracold atomic gases have achieved great success in realizing a new type of fermionic superfluids. By arbitrarily varying the strength of interaction via the Feshbach resonance, the weakly-interacting BCS superfluid, the strongly-interacting unitary Fermi gas, and the Bose-Einstein condensate of tightly-bound molecules have been observed and extensively studied [1, 2] . So far, the fermionic superfluids in atomic gases have been limited to s-wave pairings between different spin states. Therefore the realization of p-wave superfluids in spin-polarized Fermi gases is a natural next goal in the cold atom community. In particular, a "weakly-paired" p x +ip y -wave superfluid in two dimensions is of special interest because its vortices support zero-energy Majorana fermions and exhibit non-Abelian statistics [3] . As a practical application, it has been proposed to use such a system as a platform for topological quantum computation [4] .
Most theoretical studies regarding the p-wave superfluids in atomic gases assume the availability of p-wave Feshbach resonances [4] [5] [6] [7] [8] [9] [10] [11] (for alternative mechanisms, see Refs. [12] [13] [14] [15] [16] [17] ). However, experimental studies showed that the pwave Feshbach molecules are unstable due to atom-molecule and molecule-molecule inelastic collisions with their lifetimes up to 20 ms [18] [19] [20] [21] [22] [23] [24] [25] . This is in contrast to the long-lived s-wave Feshbach molecules where the inelastic collisions are suppressed due to the Pauli exclusion principle [26] . Because the decay rate of the p-wave Feshbach molecules is comparable to the interaction energy scale, the p-wave superfluid without additional mechanism to suppress the inelastic collisions will not reach its equilibrium before it decays [27, 28] .
In this paper, we propose a novel approach to realize the p-wave superfluidity in two dimensions, without assuming the p-wave Feshbach resonance. The idea is to utilize a two-species Fermi gas (fermion atomic species A and B) with the interspecies s-wave Feshbach resonance in 2D-3D mixed dimensions [29] . Here A atoms are confined in a two-dimensional plane (2D) by means of a strong optical trap, while B atoms are free from the confinement and hence in the three-dimensional space (3D). It has been shown that the interspecies short-range interaction between A and B atoms is characterized by a single parameter, the effective scattering length a eff , whose value is arbitrarily tunable by the interspecies s-wave Feshbach resonance [29] . The system under consideration can be set up in experiments with the use of the recently observed quantum degenerate Fermi-Fermi mixture of 6 Li and 40 K atoms and their interspecies s-wave Feshbach resonances [30, 31] .
In such a system, we will show that the background 3D Fermi sea of B atoms induces an attractive interaction between A atoms in 2D. Because A atoms are identical fermions, the dominant pairing takes place in the p-wave channel. We will compute the pairing gap in the controllable weak-coupling regime and show that it has the symmetry of p x +ip y . Because the magnitude of the pairing gap increases toward the unitarity limit |a eff | → ∞, the critical temperature for the p x +ip y -wave superfluidity is expected to become within experimental reach. As it is mentioned above, the resulting system has a potential application to topological quantum computation using vortices with non-Abelian statistics [3, 4] . This paper is organized as follows. In Sec. II, we describe the two-species Fermi gas in the 2D-3D mixed dimensions. In particular, we give its field-theoretical formulation in a detailed way because such a system may not be familiar to the cold atom community. Then in Sec. III, we compute the induced interaction between two-dimensional fermions, the pairing gap, and its symmetry in the weak-coupling regime where we can perform the controlled perturbative analysis. Finally, summary and discussions are given in Sec. IV and here a very interesting analogy of the system investigated in this paper with the brane-world model of the universe is pointed out. Two additional materials are presented in Appendices. The absence of the interspecies pairing at weak coupling is shown in the Appendix A. In the Appendix B, we discuss aspects of our system in the unitarity limit as a nonrelativistic defect conformal field theory. We derive the reduced Schrödinger algebra and the operator-state correspondence in general nonrelativistic defect conformal field theories. We also study scaling dimensions of few-body composite operators and operator product expansions in our 2D-3D mixed dimensions. In particular, critical mass ratios for Efimov bound states are obtained.
II. TWO-SPECIES FERMI GAS IN 2D-3D MIXED DIMENSIONS

A. Field theoretical formulation
The two-species Fermi gas in the 2D-3D mixed dimensions is described by the following action (here and below = 1 and k B = 1):
Here x = (x, y) is a two-dimensional coordinate and (x, z) is a three-dimensional coordinate. ψ A (t, x) is a fermionic field describing A atoms confined in a two-dimensional plane located at z = 0 and ψ B (t, x, z) is another fermionic field describing B atoms in the three-dimensional bulk space. m A(B) is the atomic mass of A(B) atoms and the density of each species n A(B) is controlled by the chemical potential µ A(B) . The interspecies interaction is short-ranged and thus occurs only on the plane at z = 0, while B atoms can propagate into the z-direction ("extra dimension") [see also This implies that the theory has a linear divergence as it is well known in the usual 3D case. However, as we will see below, the linear divergence can be renormalized into g 0 and all physical observables can be expressed in terms of the physical parameter, the effective scattering length a eff . We note that interactions between the same species of fermions (without the p-wave Feshbach resonance) are generally weak and can be neglected at low energies.
The bare propagator of
where the expectation value is evaluated with the noninteracting action. Because of the translational symmetry in the plane, its Fourier transform is given by the usual form:
where p 0 is the frequency and p = (p x , p y ) is the two-dimensional momentum. Similarly the bare propagator of ψ B field is given by T ψ B (t, x, z)ψ †
We shall not perform its full Fourier transformation because once the interaction between ψ A and ψ B fields is turned on, the translational symmetry along the z-direction is lost. Instead it is convenient to employ the following mixed representation: where p z is the momentum conjugate to z − z ′ . We will often use the propagator where z and z ′ are fixed on the plane; z = z ′ = 0. In such a case, we suppress the last argument in G B (p 0 , p; z − z ′ ) and denote it simply as G B (p 0 , p) ≡ G B (p 0 , p; 0). Hereafter we shall use a shorthand notation p = (p 0 , p).
B. Two-particle scattering in vacuum
We first study the two-particle scattering in vacuum (µ A = µ B = 0) in order to relate the bare coupling g 0 with the effective scattering length a eff . The scattering process of A and B atoms is schematically depicted in Fig. 1 . By summing a geometric series of Feynman diagrams, the scattering amplitude A(p) is written as
We can see that the k integration is ultraviolet divergent. The usual way to regulate the integral is to introduce a momentum cutoff |k| < Λ k and adjust the Λ k -dependence of g 0 so that the physics does not depend on Λ k . The integration over k leads to
where M = m A + m B is the total mass and m AB = mAmB mA+mB is the reduced mass. By introducing the effective scattering length through
the scattering amplitude becomes cutoff-independent:
Now the interspecies interaction is solely characterized by the effective scattering length a eff . a eff → −0 corresponds to the weak attraction and a eff → +0 corresponds to the strong attraction just as in the usual 3D case. |a eff | → ∞ corresponds to the unitarity limit where the scale-invariant interaction is achieved. In this limit, our theory (1) provides a novel type of nonrelativistic conformal field theories. Aspects of our system in the unitarity limit as a nonrelativistic conformal field theory will be elaborated in detail in the Appendix B.
When a eff > 0, there exists a shallow two-body bound state composed of A and B atoms. Its binding energy ε b , defined to be positive, is obtained as a pole of the scattering amplitude when the external momentum p is zero:
Thus our definition of a eff in Eq. (7) coincides with that used in Ref. [29] . The two-body resonance ε b → 0 occurs at infinite effective scattering length a eff → ∞. 
C. Effective versus bare scattering lengths
The effective scattering length a eff in the 2D-3D mixed dimensions depends on the bare scattering length a in a free 3D space. a is arbitrarily tunable by means of the interspecies s-wave Feshbach resonance as a function of the magnetic field applied to the system [31] . In Ref. [29] , the dependence of a eff on a was determined when the A atom is confined by a one-dimensional harmonic potential with the oscillator frequency ω z . Fig. 2 shows a eff /l plotted as a function of l/a with l ≡ 1 mAωz being the oscillator length [29] . Here the mass ratios m A /m B = 0.15 and 6.67 are chosen corresponding to the physical cases of A = 6 Li, B = 40 K and A = 40 K, B = 6 Li, respectively. We can see that the position of the resonance in the 2D-3D mixed dimensions (|a eff | = ∞) is shifted from the free space resonance (|a| = ∞) to the negative bare scattering length. It is understandable that the AB bound state can be formed with a weaker attraction (a < 0) because of the partial confinement of the A atom. The broadest resonance occurs at l/a = −0.882 for m A /m B = 0.15 and at l/a = −0.0237 for m A /m B = 6.67. In addition to the broadest resonance, an infinite number of confinement-induced resonances appears while they are narrower [32, 33] .
Using one of these resonances, the effective scattering length can be tuned to any desired value −∞ < a −1 eff < ∞ by simply varying a or l. If the confinement length l is much smaller than any other length scales of the system such as a eff and mean interatomic distances at finite densities, we can neglect the motion of A atoms in the confinement z-direction. Then the resulting system becomes the two-species Fermi gas in the 2D-3D mixture universally described by the action (1).
Ref. [29] also found that the many-body system near the unitarity limit |a eff | → ∞ is stable against the formation of deep three-body bound states (Efimov effect) when the mass ratio is in the range 0.0351 < m A /m B < 6.35 (see also the Appendix B 2). Therefore the combination of atomic species, A = 6 Li and B = 40 K (m A /m B = 0.15), can be used to realize the stable 2D-3D mixed Fermi gas, while the opposite combination, A = 40 K and B = 6 Li (m A /m B = 6.67), suffers the Efimov effect. However, because the mass ratio of the latter combination is just above the critical value, it may be possible that such a system becomes metastable, for example, in an optical lattice. We also note that if either A or B atoms are bosonic, the Efimov effect takes place for any mass ratio [29] . Thus for the stability of the many-body system, fermion atomic species A and B are essential.
D. Perturbation theory at finite density
In the limit of weak attraction a eff → −0, it is straightforward to develop a perturbation theory at finite densities (µ A , µ B > 0). The propagator of A atom is given by iG A (p) in Eq. (2) and the propagator of B atom is given by iG B (p; z) in Eq. (3). From Eq. (7), we find that each interaction vertex carries a small coupling constant given by − 2πia eff √ mB mAB . As one of applications of the perturbation theory, we compute the density distribution of B atoms in the weakcoupling limit a eff → −0. Due to the lack of translational symmetry in the z-direction, the density of B atoms is no longer uniform. The density of B atoms is given byñ B (|z|) = ψ †
, which is a function of |z| because of the in-plane translational symmetry and the symmetry under z-parity. To the leading order in a eff , n B (|z|) is obtained as n B (|z|) = − dp 0 dp (2π) 3 e ip00 + iG B (p; 0) − dp 0 dp
where
is the uniform density of B atoms in the noninteracting limit. Σ B is a mean-field self-energy proportional to the effective scattering length a eff and the density of A atoms n A = (2mAµA) 4π
:
We note that the dimensions of n A and n B are different because n A is the two-dimensional density while n B is the three-dimensional density. The Fermi momentum of each species is defined through its density by
The integration over p 0 in Eq. (9) results in the following expression for the density distribution:
where κ(r) is a positive function given by κ(r) ≡ 1 0 dp p 2π
κ(k FB |z|) is plotted in Fig. 3 and monotonously decreases as a function of k FB |z|. We can understand that B atoms are attracted to the 2D plane at z = 0 because of their attractive interaction with A atoms confined in the plane. The density of B atoms away from the 2D plane approaches that in the noninteracting limit;ñ B (|z| → ∞) → n B because the interaction is suppressed there.
III. INDUCED INTERACTION AND p-WAVE PAIRING IN TWO DIMENSIONS A. Induced interaction at weak coupling
Using the perturbation theory in the weak-coupling limit a eff → −0, we now determine the interaction between two A atoms in 2D induced by the existence of the 3D Fermi sea of B atoms. Because we are interested in the intra-species pairing of A atoms, we consider their back-to-back scattering. To the leading order in a eff , the induced interaction between A atoms V ind is described by the Feynman diagram depicted in Fig. 4 [16] , which is written as The integration over k 0 leads to
For the gap equation at weak coupling, we will need the induced interaction in which both incoming and outgoing momenta are on the 2D Fermi surface |p| = |q| = k FA , and hence, p 0 = q 0 = 0. In such a static limit, we can perform the remaining integrations analytically and obtain
where v(w) is a continuous function given by
The nonanalyticity of v(w) at w = 1 is due to the sharp Fermi surface of B atoms. The function v(w) is plotted in Fig. 5 and is negative everywhere indicating that the induced interaction between A atoms is attractive. Thus an intra-species pairing in the two-dimensional plane is expected to occur. Because A atoms are identical fermions, the dominant pairing takes place in the p-wave channel, as we will see below.
At this point, we should point out that the interspecies pairing between A and B atoms is unlikely in our system (except deep in the BEC regime a eff → +0) because they live in different spatial dimensions. B atoms can always escape from the 2D plane in which A atoms are confined into the z-direction ("extra dimension") and there the interspecies interaction is turned off. Actually, as we will show in the Appendix A, the absence of the interspecies pairing can be confirmed at weak coupling a eff → −0. Hereafter B atoms are treated as a background to induce the attraction between A atoms and we investigate the intra-species pairing of A atoms in 2D.
B. Gap equation
Once the induced interaction between A atoms V ind (p, q) is obtained, the pairing of A atoms in 2D is described by the BCS-type Hamiltonian:
whereψ A (p) is the Fourier transform of ψ A (x). We note the property V ind (p, q) = V ind (q, p). The pairing gap of A atoms ∆ p is defined to be
Because of the Fermi statistics of A atoms, the pairing gap has to have an odd parity; ∆ −p = −∆ p . The standard mean-field calculation leads to the following self-consistent gap equation:
Here
is the quasiparticle energy and n F (E p ) = 1/ e Ep/T + 1 is the Fermi-Dirac distribution function at temperature T . The gap equation (19) is a nonlinear integral equation in terms of the pairing gap ∆ p . However, it becomes a linear integral equation near the critical temperature T → T c because one can set ∆ p → 0 in E p . In such a case, ∆ p = e ilθp ∆ (l) with an odd integer l being the orbital angular momentum solves the gap equation and the critical temperature T c is determined by the equation
Here Λ ε is an energy cutoff and N A ≡ mA 2π is the density of states of A atoms at the Fermi surface. V
ind is the partial-wave projection of the induced interaction given by
When the projected interaction is attractive N A V (l) ind < 0, it is easy to solve Eq. (20) and we find
where the energy cutoff is chosen to be the order of the Fermi energy of A atoms;
2mA . Because one can confirm that the induced attraction (21) is strongest in the p-wave channel, we have the highest critical temperature for |l| = 1; T
. Therefore we can neglect the coupling between different partial waves and concentrate on p-wave pairings.
C. Pairing gap and its symmetry
We now solve the gap equation for the p-wave pairing at zero temperature T = 0. We parameterize the angle dependence of the pairing gap as ∆ p = f (θp)∆ f , where p = k FA (cos θp, sin θp) and f (θp) = b + e iθp + b − e −iθp with |b + | 2 + |b − | 2 = 1. For example, b + = 1 and b − = 0 corresponds to a p x +ip y -wave pairing and b + = b − = 1/ √ 2 corresponds to a p x -wave pairing. Substituting ∆ p = f (θp)∆ f into the gap equation (19) at T = 0, we obtain
Thus we find that the modulus of the pairing gap is given by
The angle dependence of the pairing gap f (θ) is determined so that the ground state energy is minimized [34] . Because the gain of energy density due to the condensation is given by
the ground state energy is minimized when |∆ f | is maximized. From Eq. (24), we can show that the maximum |∆ f | is achieved when f (θ) = e ±iθ corresponding to the p x ±ip y -wave pairing. Therefore the pairing gap realized in our system becomes
We note that the pairing symmetry p x ±ip y is favored because of the isotropy of the induced interaction; V
ind . This is in contrast to the p-wave Feshbach resonance where the interatomic interaction can be anisotropic due to the magnetic dipole-dipole interaction [35] . In such a case, some parameter-tunings are necessary to realize the p x ±ip ywave pairing [8, 10] .
D. Optimizing the pairing gap
In order for the experimental realization of the proposed p x +ip y -wave superfluidity, the critical temperature (22) and the magnitude of the pairing gap (26) have to be large enough. Thus we look for a condition in which T
ind is given by
with the negative function v (1) (k FA /k FB ) plotted in Fig. 6 . Because the induced interaction in the p-wave channel is attractive N A V
ind < 0, one would like to minimize N A V
ind . One possible way to optimize the pairing gap is to control the densities of A and B atoms [16] . Because our perturbative calculation relies on the smallness of |a eff k FB |, we fix a eff k FB and vary the ratio in the two Fermi momenta k FA /k FB . We find that the function v (1) (k FA /k FB ) has an minimum v (1) = −0.0452 at k FA /k FB = 1.75 (see Fig. 6 ). Thus, within our perturbative calculation, the maximum pairing gap becomes The pairing gap can be further enhanced by changing the mass ratio m A /m B . Because of the factor m AB /m A in the exponent, the larger mass of A atoms in 2D increases the pairing gap. For example, the combination of atomic species A = 40 K and B = 6 Li has m A /m B = 6.67, and hence, the pairing gap becomes
Now the exponential factor is not hopelessly small. If one could extrapolate our perturbative result to |a eff k FB | ≈ 1,
we would have exp − 3.29 a 2 eff k 2 FB ≈ 0.04. Furthermore, in the unitarity limit |a eff | → ∞, the pairing gap is expected to be the same order as the Fermi energy; ∆ p ∼ e ±iθp ε FA . Therefore it is possible that the critical temperature for the p x +ip y -wave superfluidity becomes within experimental reach, in particular, near the unitarity limit.
E. Nonperturbative approaches near the unitarity limit So far, we have performed the controlled perturbative analysis in the weak-coupling regime a eff → −0. An important quantitative question is how high the critical temperature T (1) c can be near the unitarity limit |a eff | → ∞. Ideally one would like to answer this question by employing quantum Monte Carlo simulations while they will suffer fermion sign problems because of the intrinsic asymmetry between A and B atoms in our 2D-3D mixture. Instead it is possible to estimate T (1) c by using nonperturbative analytical methods such as the ǫ expansion [36] [37] [38] [39] and the 1/N expansion [40, 41] .
The application of the 1/N expansion technique to our 2D-3D mixture is straightforward. We generalize the twospecies Fermi gas in Eq. (1) to a (2N )-species Fermi gas in which N species live in 2D while the other N species live in 3D. The interaction among them occurs on the 2D plane and is assumed to be the Sp(2N )-symmetric form [40, 41] . Then we utilize the small parameter 1/N ≪ 1 to perform systematic expansions.
Here we comment on the application of the ǫ expansion technique to mixed-dimensional systems. Suppose A and B atoms live in d A -and d B -dimensional spaces, respectively, where the former space is a subset of the latter space with As far as [g 0 ] > −2 is satisfied, the theory is renormalizable [37] . We note that [g 0 ] depends only on the bulk spatial dimension d B indicating that d B plays a central role in the ǫ expansion. In the general combination of the spatial dimensions, one can study the two-particle scattering in vacuum as it was done in Sec. II B. Using the dimensional regularization, the scattering amplitude A(p) at the scale-invariant unitarity point is found to be
where p is the d A -dimensional momentum. We can see that the scattering amplitude vanishes in the limits of d B → 4 and d B → 2 indicating that these two spacial dimensions correspond to noninteracting limits. Accordingly we can
Proposed phase diagram of a two-species Fermi gas in the 2D-3D mixture as a function of the inverse effective scattering length (a eff kFA) −1 at zero temperature. There is a quantum phase transition at (a eff kFA) −1 ≃ O(1) from the 2D-3D mixed Fermi gas with the 2D px+ipy-wave superfluidity (2D p-SF) to the 2D Bose-Einstein condensation of localized s-wave molecules (2D BEC).
develop systematic expansions in terms of ǫ = 4−d B ≪ 1 andǭ = d B −2 ≪ 1 around those special dimensions [36] [37] [38] [39] . We note that the other spatial dimension d A (≤ d B ) is arbitrary in this approach.
The estimation of T
(1) c near the unitarity limit using the above nonperturbative approaches will be left for future works.
IV. SUMMARY AND DISCUSSIONS
In this paper, we presented theoretical prospects to realize the p-wave superfluidity in two dimensions by using a two-species Fermi gas (fermion atomic species A and B) with the interspecies s-wave Feshbach resonance. By confining A atoms in a 2D plane immersed in the background 3D Fermi sea of B atoms, an attractive interaction is induced between A atoms. Because A atoms are identical fermions, the dominant pairing takes place in the p-wave channel. In the weak-coupling regime a eff → −0 where the controlled perturbative analysis is available in terms of the effective scattering length, we computed the pairing gap and showed that it has the symmetry of p x +ip y . Because the magnitude of the pairing gap increases toward the unitarity limit |a eff | → ∞, the critical temperature for the p x +ip y -wave superfluidity is expected to become within experimental reach. As it is mentioned in the Introduction, the resulting system has a potential application to topological quantum computation using vortices with non-Abelian statistics [3, 4] .
It is worthwhile to clarify what happens deep in the BEC regime a eff → +0 in our 2D-3D mixture. In this limit, A atoms in 2D capture B atoms to form tightly-bound molecules and the resulting system consists of the molecules localized on the 2D plane plus excess A or B atoms. When the size of the molecules ∼ a eff becomes smaller than the mean interatomic distance in 2D ∼ k −1 FA , the molecules behave as two-dimensional bosons and therefore the ground state will be a 2D Bose-Einstein condensate of the s-wave molecules. Consequently, there has to be a quantum phase transition from the 2D-3D mixed Fermi gas with the 2D p x +ip y -wave pairing [−∞ < (a eff k FA ) Fig. 7 . These two phases can be distinguished by radio-frequency spectroscopy experiments. In the 2D-3D mixed Fermi gas with the 2D p x +ip y -wave pairing, A atoms are fully gapped while B atoms remain gapless. On the other hand, in the 2D Bose-Einstein condensation of the s-wave molecules, both A and B atoms are fully gapped.
Readers may wonder why we did not consider a system in which both A and B atoms are confined in a twodimensional plane to realize the induced p-wave superfluidity in 2D. In this case, A and B atoms always form bound molecules in 2D and thus the ground state of the system tends to be an s-wave paired state. In order to break the interspecies s-wave pairing, one needs to weaken the interspecies attraction with a large density imbalance introduced [42] . This would be a disadvantage in order to achieve a high critical temperature for the p-wave superfluidity in 2D.
A remarkable aspect of our two-species fermions in the 2D-3D mixed dimensions is that the system in the unitarity limit |a eff | → ∞ is described by a nonrelativistic defect conformal field theory, which is a novel class of quantum field theories that has not been paid attention to so far. We elaborated this aspect in detail in the Appendix B.
Finally, it is very interesting to point out the analogy of the system investigated in this paper with the braneworld model of the universe. In the brane-world scenario, the ordinary matter is considered to be confined in a three-dimensional space (brane) embedded in higher dimensions (bulk) where gravitons can propagate [43] . The gravitational force between matters is induced by the exchange of the graviton. Similarly, in our system, the interaction between A atoms confined in the 2D plane ("2D brane") is induced by the exchange of B atoms in higher dimensions ("3D bulk"). Within this fascinating analogy, our two-species Fermi gas in the 2D-3D mixed dimensions can be regarded as a brane world in cold atoms! Acknowledgments This work was motivated by the previous study [29] performed in collaboration with S. Tan to whom the author is grateful. The author also thanks D. T. Son for introducing a notion of defect conformal field theories to him. This work was supported in part by JSPS Postdoctoral Fellowship for Research Abroad and MIT Pappalardo Fellowship in Physics.
APPENDIX A: ABSENCE OF INTERSPECIES PAIRING AT WEAK COUPLING
Here we show the absence of the interspecies pairing between A and B atoms in the 2D-3D mixed dimensions in the weak-coupling regime a eff → −0. We consider the Nambu-Gor'kov-type propagator in the 2 × 2 matrix form:
In the mean-field approximation, the above propagator in the momentum space becomes
is a condensate determined by the self-consistent gap equation:
φ 0 g 0 = −i dp 0 dp (2π) 3G 12 (p) = − m B 2 dp 0 dp
In the last line, we analytically continued p 0 to the imaginary frequency; p 0 → ip 0 . Introducing the effective scattering length via Eq. (6), we obtain the following renormalized gap equation:
− √ 2m AB 2πa eff = dp 0 dp
For simplicity, we shall consider the equal masses m A = m B = m and equal chemical potentials µ A = µ B = µ where the interspecies pairing is guaranteed in the usual 3D case. However, in the 2D-3D mixture, we can see that the right-hand side of Eq. (A4) does not have any singularity around the Fermi surface, p 0 ∼ 0 and p 2 2m ∼ µ, in the limit |φ 0 | → 0, and hence, the integral is bounded from above. This can be understood as an absence of the Cooper instability because of the intrinsic "mismatch" between the 2D and 3D Fermi surfaces. Therefore in the weak-coupling regime a eff → −0, the gap equation (A4) does not have a nontrivial solution showing that there is no interspecies pairing between A and B atoms.
APPENDIX B: ASPECTS AS A NONRELATIVISTIC DEFECT CONFORMAL FIELD THEORY
As we mentioned in Sec. II B, two-species fermions in the 2D-3D mixed dimensions in the unitarity limit |a eff | → ∞ (at zero density and zero temperature) provide a novel type of nonrelativistic conformal field theories (CFTs)
1 . In [29] . Two-species fermions in pure 3D are the well-known case of nonrelativistic CFT [44, 52] . In all cases below, the coupling of zero-range and few-body interaction term has the dimension [g0] = −1 and is tuned to the resonance.
Nonrelativistic (defect) CFT Spatial configurations Symmetries other than H, D, C, M 2 species in pure 3D
xA = xB = (x, y, x) Pi, Ki, Jij with i, j = x, y, z 2 species in 2D-3D mixture xA = (x, y) xB = (x, y, z) Pi, Ki, Jij with i, j = x, y 2 species in 1D-3D mixture xA = (z) xB = (x, y, z) Pz, Kz, Jxy 2 species in 2D-2D mixture xA = (x, z) xB = (y, z) Pz, Kz 2 species in 1D-2D mixture xA = (z) xB = (x, y) Jxy 3 species in 1D-1D-1D mixture xA = (x) xB = (y) xC = (z) None 3 species in 1D
2 -2D mixture xA = xB = (x) xC = (x, y) Px, Kx 4 species in pure 1D xA = xB = xC = xD = (x) Px, Kx this system, the three-dimensional translational, rotational, and Galilean symmetries in the bulk space are broken to the two-dimensional symmetries while scale and conformal invariance are preserved. Regarding the two-dimensional plane as a defect in the three-dimensional bulk space, our system can be thought of a nonrelativistic counterpart of defect/boundary CFTs [50, 51] . In Ref. [29] , more classes of nonrelativistic defect CFTs with zero-range and few-body resonant interactions have been proposed and are summarized in Table I . Here we discuss aspects of our system as a nonrelativistic defect CFT (abbreviated as NRdCFT). First we derive the reduced Schrödinger algebra and the operator-state correspondence in general nonrelativistic defect CFTs. Then we study scaling dimensions of few-body composite operators and operator product expansions in our 2D-3D mixture. In particular, the critical mass ratios for the Efimov effect are obtained.
Reduced Schrödinger algebra and operator-state correspondence
Here we derive the reduced Schrödinger algebra and the operator-state correspondence in general nonrelativistic defect CFTs. For definiteness, we consider systems with two species of particles because the generalization to more species is straightforward. Define the mass densities
(B1) and the momentum densities
We assume that the intersection of the spaces in which A and B particles live exists and includes the origin x A = x B = 0. For example, in our 2D-3D mixture, we have x A = (x, y) and x B = (x, y, z), while in general the d A -dimensional space may not be the subset of the d B -dimensional space such as in the 2D-2D and 1D-2D mixtures in Table I . We suppress the argument of time when we denote the operators ψ A (t, x) and ψ B (t, x, z) at t = 0. We consider commutation relations of the following set of operators in general mixed dimensions: the Hamiltonian
the dilatation operator 
and the special conformal operator
D and C are the generators of scale transformation x A(B) → e λ x A(B) , t → e 2λ t and conformal transformation
can be checked by a direct calculation. By using the continuity equation [H, m A (x A )] = i∇ A · J A (x A ) and the same with A → B, we can show
Finally, if the interparticle interaction V (x A , x B ) is scale invariant (for example, |x A − x B | −2 -type interactions or zero-range and infinite effective scattering length interactions proposed in Ref. [29] ), we obtain
If the system has unbroken translational, rotational, and Galilean symmetries, the corresponding generators, namely, the momentum operators
the angular momentum operators
and the Galilean boost operators
together with the above H, D, C, and the mass operator
form the (reduced) Schrödinger algebra [52] (see Table II ). Various classes of the reduced Schrödinger algebra are possible depending on spatial configurations of defects as shown in Table I . For example, in our 2D-3D mixture, there are planer translational, rotational, and Galilean symmetries preserving the location of the 2D defect at z = 0 and hence we can take P i , K i , and J ij with i, j = x, y. In some cases such as the 1D-1D-1D mixture with three species of particles, all translational, rotational, and Galilean symmetries are broken by defects and thus only H, D, C, and M form the reduced Schrödinger algebra. We note that the symmetry transformations in the 2D-3D mixed dimensions are not equivalent to those in the usual two dimensions although they have the same Schrödinger algebra Sch(d = 2). This is because the scale and conformal transformations generated by D and C in Eqs. 
Furthermore when O at origin commutes with C and 
where O is a primary operator. Then it is easy to show that |Ψ O is an energy eigenstate of the oscillator Hamiltonian H osc = H + ω 2 C with an energy eigenvalue ∆ O ω:
We note that the external potential term 
to the primary state |Ψ O , we can generate a semi-infinite ladder of energy eigenstates (L † ) n |Ψ O with n = 0, 1, 2, . . . [52] . Their energy eigenvalues are given by (∆ O + 2n) ω and can be interpreted as excitations in the breathing mode [53] . If P j and K j exist, one can make another raising operator Generalizations of other properties discussed in Ref. [52] also hold in our nonrelativistic defect CFTs. In particular, the two-point correlation function of the primary operator O is determined up to an overall constant in terms of its scaling dimension ∆ O and its mass M O [52, 54] :
Composite operators and anomalous dimensions
We now turn to our specific nonrelativistic defect CFT, namely, two-species fermions in the 2D-3D mixed dimensions (1) in the unitarity limit |a eff | → ∞. Here we study various primary operators and determine their scaling dimensions. The simplest primary operators are one-body operators ψ A (x) and ψ B (x, 0) whose scaling dimensions are trivially ∆ ψA = 1 and ∆ ψB = 3/2, respectively.
A nontrivial primary operator is the two-body composite operator The presence of the prefactor |y − x| guarantees that matrix elements of the operator φ(x) between two states in the Hilbert space are finite. Thus its scaling dimension becomes
This result can be conformed by computing the two-point correlation function of φ and comparing it with Eq. (B19):
T φ(t, x)φ † (0, 0) = −i dp 0 dp
Here A(p) is the two-particle scattering amplitude given in Eq. (7) with |a eff | → ∞. The φ field can be also interpreted as an auxiliary field that appears when we decompose the four-Fermi interaction term in the action (1) using the Hubbard-Stratonovich transformation; φ(x) = g 0 φ B (x, 0)ψ A (x). For the later use, we denote the Fourier transform of the above φ propagator as iD(p) ≡ −iA(p).
a. AAB three-body operators
We then consider three-body composite operators. A three-body operator composed of two A atoms and one B atom with zero orbital angular momentum l = 0 is
where Z Λ is a cutoff-dependent renormalization factor. We study the renormalization of the composite operator φψ A by evaluating its matrix element 0|φψ A (x)|p, −p . Feynman diagrams to renormalize φψ A is depicted in Fig. 8 . The vertex function Z A (p 0 , p) in Fig. 8 satisfies the following integral equation:
where we used the analyticity of Z A (k 0 , k) on the upper half plane of k 0 . The minus sign in front of the second term comes from the Fermi statistics of A atoms. When we set
Because of the scale invariance and in-plane rotational symmetry of the system, we can assume the form of z A (p) to be
where Λ is a momentum cutoff and χ is an unknown constant. The renormalization factor becomes Z Λ ∝ Λ −γ−1 and thus γ + 1 is the anomalous dimension of the composite operator φψ A . (Here γ and γ l appearing later are defined so that they coincide with the definition of the scaling exponents used in Ref. [29] .) Once γ is determined, the scaling dimension of the renormalized composite operator O (l=0) AAB is given by
Substituting the form (B26) into Eq. (B25), we obtain
In order for the integral to be infrared finite, Re (γ) > −2 is necessary. Also, in order to be able to take the limit Λ → ∞, Re (γ) < 1 is required. In the infinite cutoff limit Λ → ∞, γ satisfies the following equation:
where k = |k|/|p| and cos θ =k ·p. Here the integral is understood to be evaluated where it is convergent −2 < Re (γ) < −1 and then analytically continued to an arbitrary value of γ. Similarly, for general orbital angular momentum l, we consider the following three-body composite operator:
In order for O (l)
AAB to be a primary operator (
AAB ] = 0), the coefficients c j have to be chosen so that
being independent of the momentum q conjugate to the center-of-mass motion. In the important case of l = 1, we easily find c 1 = − mA M c 0 . If we denote the anomalous dimension of such a composite operator as γ l + 1 − l, it is straightforward to show that γ l satisfies
The integration over k leads to the result shown in Ref. [29] . The scaling dimension of the renormalized composite operator
AAB is given by
The anomalous dimensions γ l obtained by solving Eq. (B32) in the s-wave channel l = 0 and the p-wave channel l = 1 are plotted in Fig. 9 AAB is found to behave as AAB in the s-wave channel l = 0 (left) and the p-wave channel l = 1 (right) as functions of the mass ratio mA/mB [29] . In the right panel, the real part of γ1 (solid curve) and its imaginary part with a negative sign (dashed curve) are plotted. Now the full scale invariance is broken to a discrete scaling symmetry, p → e π/Im(γ1) p and p 0 → e 2π/Im(γ1) p 0 ,
which is a characteristic of a renormalization-group limit cycle [55] . This implies the existence of an infinite set of discrete bound states in the p-wave AAB three-body system. The energy eigenvalues form a geometric spectrum as E n+1 /E n = e −2π/|Im(γ1)| and they are known as Efimov bound states in the usual 3D case [56] . Because the system develops deep three-body bound states, the corresponding many-body system cannot be stable toward collapse.
We note that an interesting thing becomes possible in the range of mass ratio 2.32780 < m A /m B < 6.35111 [29] . Here the anomalous dimension is − 
becomes renormalizable because now the coupling has the dimension −2 < [g 1 ] < 0 [47] . The action (1) with S 3-body added defines a new renormalizable theory. In particular, when g 1 is tuned to an AAB three-body resonance, the resulting system provides a novel nonrelativistic defect CFT describing two-species fermions with both two-body (AB) and three-body (AAB) resonances in the 2D-3D mixture [29] . . The solid lines are the propagators of ψA and ψB fields and the shaded bulbs represent the two-particle scattering amplitude iA(pA + pB).
Operator product expansions
Here we consider an arbitrary effective scattering length −∞ < a −1
eff < ∞ and study operator product expansions (OPEs) in our defect quantum field theory (1). We first work on the following OPE:
Here W A,n (y) are Wilson coefficients and O n (x) are renormalized defect operators. We remind that x and y are two-dimensional coordinates on the defect. We can determine the lowest three W A,n and O n by evaluating the matrix elements of the both sides of Eq. (B48) between two-particle states p A , p B | and |p A , p B . According to Ref. [57] , we shall consider the Feynman diagram depicted in Fig. 10 that has nonanalyticity at |y| = 0. By denoting the total energy and momentum as p = p A + p B , the matrix element of the left-hand side of Eq. (B48) becomes 
Here A(p) is the two-particle scattering amplitude given in Eq. (7) and we introduced a shorthand notation E p ≡ p 0 − Two-species fermions in the 2D-3D mixed dimensions in the unitarity limit can be regarded as a nonrelativistic defect CFT. We derived the reduced Schrödinger algebra and the operator-state correspondence in general nonrelativistic defect CFTs. We also studied scaling dimensions of few-body composite operators and operator product expansions in our 2D-3D mixture. In particular, for the stability of the many-body system near the unitarity limit, we showed that the mass ratio has to be in the range 0.0351287 < m 2D /m 3D < 6.35111 to avoid the Efimov effect [29] . Finally, we emphasize that all field-theoretical methods presented here to determine scaling dimensions and critical mass ratios are widely applicable to both fermionic and bosonic systems and also in the 1D-3D mixture [29] and in the usual 3D case [47, 52, 59] .
